Abstract. Say a trinomial x n + Ax m + B ∈ Q[x] has reducibility type (n 1 , n 2 , ..., n k ) if there exists a factorization of the trinomial into irreducible polynomials in Q[x] of degrees n 1 , n 2 ,...,n k , ordered so that n 1 ≤ n 2 ≤ ... ≤ n k . Specifying the reducibility type of a monic polynomial of fixed degree is equivalent to specifying rational points on an algebraic curve. When the genus of this curve is 0 or 1, there is reasonable hope that all its rational points may be described; and techniques are available that may also find all points when the genus is 2. Thus all corresponding reducibility types may be described. These low genus instances are the ones studied in this paper.
Introduction
The reducibility over Q of trinomials x n + Ax m + B ∈ Q[x], AB = 0 (where without loss of generality n ≥ 2m), has a long history, and the reader is referred to Schinzel [3] , reprinted in Schinzel [6] , who provides an excellent documentation and full bibliography. Here, we study the type of reducibility of trinomials. We say a trinomial has reducibility type (n 1 , n 2 , ..., n k ) if there exists a factorization of the trinomial into irreducible polynomials in Q[x] of degrees n 1 , n 2 ,...,n k . Types are ordered so that n 1 ≤ n 2 ≤ ... ≤ n k . Thus, for example, has reducibility type (1, 2, 2). We consider trinomials only up to scaling, in that the polynomials x n + Ax m + B and x n + Aλ n−m x m + Bλ n , λ ∈ Q, have exactly the same factorization type; in particular, when the trinomial has a rational root, we may assume that this root is 1. We shall always assume AB = 0. A monic polynomial of degree d is determined by d coefficients. Specify the reducibility type of x n + Ax m + B as (d 1 , d 2 , ..., d k ); then comparing coefficients of x r , 1 ≤ r < n, r = m, leads to n − 2 equations involving i=k i=1 d i = n coefficients. With the appropriate weighting of the coefficients, the variety so determined has generic dimension 1 in weighted projective space, so is a curve. When the genus of this curve is 0 or 1, there is reasonable hope that all its rational points may be described; and techniques are available that may also find all points when the genus is 2. These low genus instances are the ones we investigate in this paper. Although our motivation is the reducibility of trinomials over Q it is clear that the There are no polynomials x 4 + Ax + B with reducibility type (1, 1, 1, 1).
Proof. Suppose we have reducibility type (1, 1, 2) . By scaling, there is a linear factor x − 1, and x 4 + Ax + B = (x − 1)(x − u)(x 2 + px + q). On comparing coefficients of powers of x, p − u − 1 = 0, q − pu − p + u = 0, A = −qu − q + pu, B = qu, and thus p = u + 1, q = u 2 + u + 1, (A, B) = (−(u + 1)(u 2 + 1), u(u 2 + u + 1)), as required. The discriminant of the quadratic factor is −3u 2 − 2u − 3 < 0, so that reducibility type (1, 1, 1, 1) is impossible. 
with factorization
and has reducibility type (1, 1, 1, 1) if and only if
Proof. By scaling, suppose x 4 +Ax 2 +B = (x−1)(x−u)(x 2 +px+q); then equating coefficients of powers of x:
It follows that p(q − u) = 0. If p = 0 then u = −1 and (A, B) = (q − 1, −q); and if
3. Reducibility type of quintic trinomials 
for v ∈ Q with v = 0, 1, 1/2. There are no trinomials x 5 + Ax + B with reducibility type (1, 1, 1, 2) .
Proof. By scaling we suppose the linear factor x − 1, with
Comparing coefficients of powers of x, we get the system of equations
A + pw + (v − w)q = 0, B + qw = 0. Solving for p, q, w, A, B we get A, B as given in the statement of the Theorem and
It remains to show that the quadratics f i (x) are irreducible. Without loss of generality, we show that
is reducible if and only if
This latter is the equation of an elliptic curve with minimal model y 2 + xy + y = x 3 − x − 2, and rank 0 over Q. The torsion group is of order 3, whose points lead to AB = 0. Hence there is no non-trivial specialization of v which leads to the reducibility of f 2 (x), and the Theorem follows. Proof. By scaling, suppose that
On eliminating r, s, it follows that
the equation of an elliptic curve with minimal model y 2 + xy + y = x 3 + x 2 , of rank 0, and with torsion group Z/4Z, generated by (x, y) = (0, 0). The four torsion points lead to B = 0. Proof. Suppose G(p, q, r) = 0 with pqr = 0. Certainly the absolute values of p, q, r are distinct. For if, without loss of generality, p = q, then q(3q 3 +6q 2 r+4qr 2 +2r 3 ) = 0, so that q = 0; and if p = −q, then q 4 = 0, and again q = 0. Consider the trinomial
We have H(p) = H(q) = 0 and H(r) = (p − r)(q − r)G(p, q, r)/(p + q) = 0. This contradicts Theorem 3. 
and eliminating p, q, r:
This latter is the equation of an elliptic curve E with minimal model y 2 = x 3 +3x+1, of rank 1 with generator P (x, y) = (0, 1). Each multiple of P pulls back to a trinomial of type x 6 + Ax + B factoring into polynomials of degrees 1,2,3. Now if the quadratic is reducible, then v 2 − 4w = , which with (1) represents a curve of genus 3, so having only finitely many points v, w. The cubic factoring together with (1) represents a curve of genus 7 and so again, there are only finitely many points (v, w). Since the number of points on E is infinite, all but finitely many such points lead to trinomials with reducibility type (1, 2, 3) . As an example, the point 2P = (9/4, −35/8) pulls back to the trinomial
The second assertion of the Theorem follows from Theorem 7.1 below.
Theorem 4.2. There are no trinomials x 6 +Ax+B with reducibility type (1, 1, 2, 2) or (2, 2, 2).
and eliminating p, q, s results in
The discriminant in v must be a perfect square, leading to
The restriction u = −2r leads to trivial solutions, and thus (X, Z) = (u + 2r, u) gives a point on the genus 2 curve
C covers two obvious elliptic curves,
but each E i is of rank 1 over Q, so there is no simple way to compute the finitely many rational points on C. However, we can argue as follows, and show that the only rational points on C are (±X, ±Y,
; a fundamental unit is ǫ = θ; and the class number is 1. We have factorizations into prime ideals as follows:
equivalently,
The gcd (
, for a = 0, −1, and y 1 , y 2 integers in K with y 1 y 2 = y. Case of + sign, a = −1:
, and the latter is not locally solvable at p 3 . Case of − sign, a = 0:
, and the latter is not locally solvable at p 3 . Case of + sign, a = 0:
, and the latter is an elliptic curve of rank 1 over Q(θ). The rank is smaller than [K : Q], and the elliptic Chabauty routines in Magma [1] work effectively to show that the curve has precisely one point with X : Z rational, namely (X, Z) = (1, 0), with (y 1 , y 2 ) = (1, 1). This leads to A = 0. Case of − sign, a = −1:
, and the latter is an elliptic curve of rank 1 over Q(θ). As above, elliptic Chabauty techniques show there is precisely one pair of points with X : Z rational, namely (X, ±Z) = (1, 1), with (y 1 , y 2 ) = (2, 4). These points pull back to A = 0. (1) There are no trinomials x 6 + Ax 2 + B with reducibility type (1, 2, 3).
(2) If x 6 + Ax 2 + B has reducibility type (2, 2, 2) then either
or, up to scaling,
with
Proof. The first part of the Theorem is a simple consequence of the fact that if f (u) = 0 for some u ∈ Q \ {0} then f (−u) = 0 and thus we have two rational roots. In order to prove the second part of the Theorem, suppose
Equating coefficients of
The latter factor has discriminant in v equal to −8(2r 
, which on scaling so that u = 1, gives the assertion in the Theorem. Finally, the case r = −u leads to the same factorization. (1) If x 6 + Ax 3 + B has reducibility type (2, 2, 2) then up to scaling
(2) If x 6 + Ax 3 + B has reducibility type (1, 1, 2, 2) then up to scaling
and
(3) There are no trinomials x 6 + Ax 3 + B with reducibility type (1, 1, 1, 1, 2). (4) If x 6 + Ax 3 + B has reducibility type (1, 2, 3), then up to scaling, (A, B) = (t − 1, −t), where t is not a cube, and
Proof. To prove the first two parts of the Theorem, suppose that
qs + qru + psu + qv + prv + sv = 0, qsu + qrv + psv = 0. Eliminating r, s, v:
There are three cases:
(1) If q = p 2 , then either v = u 2 and on scaling so that p = 1, we have the factorization in statement (2) of the Theorem; or v = −p 2 − pu, which leads to the same factorization under change of variable.
2 ) and on scaling to p = 3, we have the factorization in statement (1) of the Theorem;
, with corresponding factorizations that either have A = 0 or are special cases of the factorization in case (1) . (3) If q = −pu − u 2 then v = u 2 and again we have a symmetry of the factorization in case (1) . The third part of the Theorem is immediate from the second part. Finally, suppose
, and equate coefficients:
−B − qtu = 0. If r = 0, it follows that p = u, s = 0, q = u 2 , and we derive the factorization in the statement (4) of the Theorem. If r = 0, then eliminating p, q, t,
and the latter factor has discriminant in u equal to −3r 2 (r 2 − s) 2 , which is a perfect square if and only if r 2 − s = 0. This leads to B = 0. And if s = ru, then (A, B) = ((r − 2u)(r 2 − ru + u 2 ), −(r − u) 3 u 3 ), and the factorization is again of type (1, 1, 2, 2).
5. Reducibility type of some higher degree trinomials Theorem 5.1. If x 7 + Ax + B has reducibility type (1, 2, 4) then
Proof. We suppose x 7 + Ax + B = (x − 1)(x 2 + vx + w)(x 4 + px 3 + qx 2 + rx + s), and equate coefficients:
Eliminating p, q, r, s,
We have been unable to determine the finitely many rational points on the curve C of genus 2:
but believe the set of (finite) points is the following:
(v, ±y) = (1, 2), (−1, 2), (1/3, 14/27), (7/5, 446/125), with corresponding w = 0, 1; w = 1, 3/2; w = 13/9; and w = 13/25, 327/200, respectively. The first leads to B = 0; and after scaling, the others determine the following factorizations, which we believe to be the complete list of the given type:
Remark 5.2. It is interesting to note that to the best of our knowledge, these trinomials with reducibility type (1, 2, 4) give the first explicit examples showing that some (exceptional) finite sets defined in Theorems 3 of Schinzel [4, 5] are non-empty.
Theorem 5.3.
(1) If x 7 + Ax + B has reducibility type (3, 4) then up to scaling
(2) There are no trinomials x 7 + Ax 2 + B with reducibility type (3, 4). (3) If x 7 +Ax 3 +B has reducibility type (3, 4) then up to scaling (A, B) = (2, −1) with
Proof. The first part is immediate on comparing coefficients in the expression x 7 + Ax + B = (x 4 + px 3 + qx 2 + rx + s)(x 3 + tx 2 + ux + v), and scaling so that t = 1 (in fact this result can be found in [3] ). For the second part, suppose
Comparing coefficients and eliminating p, q, r, s:
the equation of an elliptic curve with rank 0 and torsion group of order 3. The torsion leads to the (1, 3, 3 ) factorization x 7 −2x 2 +1 = (x−1)(x 3 +x+1)(x 3 +x 2 −1). For the third part, suppose x 7 +Ax 3 +B = (x 4 +px 3 +qx 2 +rx+s)(x 3 +tx 2 +ux+v). Comparing coefficients and eliminating p, q, r, s:
the equation of an elliptic curve of rank 0 and torsion group of order 6. The only non-trivial trinomial that results is the one in the statement of the Theorem. 
or, upon scaling to u = 1,
In particular the only trinomials x 8 + Ax 3 + B with reducibility type (3, 5) are those with the numbers (1), (2), (3), (4) on the list at the end of Schinzel [3] .
Proof. Applying the Division Algorithm, the remainder on dividing x 8 + Ax 3 + B by x 3 + ux 2 + vx + w is equal to ax 2 + bx + c, with
If u = 0, then it follows that (v, w) = (t 2 , t 3 ), (A, B) = (−3t 5 , −t 8 ), for some nonzero t ∈ Q. If u = 0, then setting a = c = 0 gives (2), (3); and demanding b = 0 gives (4) in the form
The problem of determining all trinomials x 8 + ax 3 + b with reducibility type (3, 5) is thus reduced to finding all rational points on the genus two curve
where we can assume without loss of generality that (v, u 2 ) = 1. We show the points comprise precisely the following set: (v, u 2 ) = (1, 0), (0, 1), (1, 1), (−2, 1), which lead just to the factorizations on the Schinzel list. Observe first that r = v/u 2 satisfies (r 2 + 2r − 1)(4r 3 − 3r 2 + 2r − 1) > 0, so necessarily
Factoring over Z,
with c 0 = ±1, ±2, and g, h ∈ Z. When c 0 = 1, −2, the latter elliptic curve has rank 0, and leads only to u = 0; so we need only consider c 0 = −1, 2. We need to work over two number fields. First, K = Q( √ 2) with integer ring Z[ √ 2], class number 1, and fundamental unit e = 1 + √ 2. Second, L = Q(θ), where θ 3 − 2θ 2 + 3θ − 4 = 0. The ring of integers is Z[θ]; the class number is 1; and a fundamental unit is ǫ = −1 − θ + θ 2 , of norm 1. There are factorizations into prime ideals as follows:
Case I: c 0 = 2. Factoring over L the second equation at (6),
and the (ideal) gcd of the factors on the left divides (3 − 4θ + 3θ
for i, j, k = 0, 1, and ρ ∈ Z[θ]. Taking norms
forcing the plus sign, and (j, k) = (1, 0). Hence
When i = 0, we have
the equation of an elliptic curve of rank 1 over Q(θ). The elliptic Chabauty routines in Magma show that the only points with u : v rational are (v, ±u) = (1, 0), (1, 1) .
again, an elliptic curve of rank 1 over Q(θ). The only points with u : v rational are given by (v, ±u) = (1, 0). Case II: c 0 = −1: Factoring over K the first equation at (6),
and the great common divisor of the two factors on the left divides 2 √ 2. Thus
for i, j = 0, 1, and α ∈ Z[ √ 2]. From (5), we must have the plus sign. Taking norms,
As above, on factoring over L the second equation at (6),
where i, j, k = 0, 1, and ρ ∈ Z[θ]. Taking norms,
forcing the minus sign, and (j, k) = (0, 0). Hence
for i = 0, 1, and σ ∈ Z[θ].
In the case i = 1, then
and Magma tells us this curve has rank 0 over L; the only points are the torsion points given by v/u 2 = 1/θ. Suppose finally i = 0. Trying to work exclusively over the quadratic or the cubic number field led to problems with the computation. Instead, consider
the equation of an elliptic curve over the compositum of K and L. The rank is determined to be 2, and the elliptic Chabauty routines show that the only points with v : u rational are given by (v, u 2 ) = (1, 0), (0, 1), (−2, 1).
Theorem 5.5. The trinomial x 9 + Ax 2 + B is divisible by the polynomial x 3 + ux 2 + vx + w if and only if
In particular the only trinomials x 9 + Ax 2 + B with reducibility type (3, 6) are those with the numbers (6), (7), (8) on the list in Schinzel [3] , namely, up to scaling,
Proof. The Division Algorithm is used as in the preceding Theorem to obtain the first statement. To complete the proof, we need to determine all rational points on the curve (7) of genus 2. Take the equation in the form
The ring of integers in K has basis {1, θ, θ 2 , 1/2(θ 3 + θ 2 ), 1/2(θ 4 + θ 2 )}. There are ideal factorizations: We have
so that with δ = ±ǫ
for integers a, b of K satisfying ab = y. Eliminating X results in an eighth degree equation homogeneous in a, z, that is everywhere locally solvable for precisely the values δ = 1, −ǫ 1 ǫ 2 . Case I: δ = 1.
The curve is birationally equivalent to and the Magma routines succeed in showing the only valid solutions are (X, z 2 ) = (1, 0), (12, 1). (We list the generators above because the initial machine computation returned a subgroup of index 3, and the routines failed). Case II: δ = −ǫ 1 ǫ 2 .
The point (0, −48θ 4 − 228θ 3 − 60θ 2 + 264θ − 144) leads to birational equivalence with the curve
of rank 3 over K, and the Magma routines are successful in showing that the only valid solutions arise for (X, z 2 ) = (0, 1).
Similarly we can obtain the following.
Theorem 5.6. The trinomial x 10 + Ax + B is divisible by the polynomial x 3 + ux 2 + vx + w if and only if
Remark 5.7. Unfortunately, we are unable to determine all rational points on the curve (8) of genus two. The rational points (u, ±v, w) with height at most 10 6 (with w = 0), and their corresponding trinomials up to scaling, are as follows: The first example is (11) on the list in Schinzel [3] . The second and third examples, discovered by Cis lowska, are listed as (11a), (12a) in the reprinting of Schinzel [3] in Schinzel [6] . It is likely they are the only such.
Trinomials with forced factors
For certain trinomials where (m, n) > 1 we can force an algebraic factor and determine the reducibility type of the quotient. 
Proof. By Lemma 29 of Schinzel [3] , if (
A is reducible, then it takes the form (x 3 + px 2 + qx + r)(x 3 − px 2 + qx − r). Comparing coefficients of powers of x and eliminating r gives (A, B) as in the Theorem after scaling so that p = 1 (it is easy to check that p = 0 results in v = 0). Further, the cubic factor
is irreducible. For if u is a rational root, then 6u 3 + 7u 2 + 4u + 1 = (3q − u − 2) 2 . But the corresponding elliptic curve has rank 0, and the only finite points occur at u = 0, −1/2, giving B = 0. Eliminating q, r:
where, without loss of generality, (U, p) = 1. This latter equation defines a curve of genus 2, and we show that its finite rational points are precisely (12) (U/p 2 , ±V ) = (0, 0), (1, 4) , (−3, 36), (3, 36) , (−12, 126).
The first point corresponds to B = 0, and the remaining points return (up to scaling) the trinomials given in the Theorem. We work in Q( √ 5), with fundamental unit ǫ = (1 + √ 5)/2. Then
Thus we have:
where the gcd γ is a divisor of 2 4 3 3 √ 5 and u is a unit.
It is not possible for both p, U to be divisible by 5; and thus 5 ∤ U . However,
Fix the square root of 5 to be positive. If γu < 0, then
so the product of these three terms cannot be negative. Accordingly, γu takes one of the following values: 2 i 3 j ǫ k , where, without loss of generality, i, j, k = 0, 1. Of the eight elliptic curves
one has rank 0 (when (i, j, k) = (0, 0, 1)), and the other seven have rank 1. The Magma routines run satisfactorily to show that the only solutions under the rationality constraint U/p 2 ∈ Q are indeed those corresponding to the points at (12), together with the point at infinity. We shall show that the set of rational points on C comprises precisely the point at infinity, with Z = 0, and the set:
(X/Z 2 , ±Y ) = (−18, 864), (6, 288) , (0, 0), (−2, 32), (1, 47) , (36, 10152).
These points return the trinomials listed in the second statement of the Theorem. Certainly X = du 2 with d | 6, so d = ±1, ±2, ±3, ±6. Then
and the quartic is locally unsolvable for d = −1, 2, 3, −6. When d = −3, 6, the quartic is an elliptic curve of rank 0, and the only solutions are given by (X, Z 2 ) = (6, 1), (u, v) = (1, 48). It remains to deal with d = 1, −2.
Case I: d = 1: 
Taking norms, v 2 = (−2) j (−3) k , so that j = k = 0, and
Of the four possibilities for δ, only δ = 1 gives a curve locally solvable above 2; and in fact the curve is elliptic with rank 1. The Magma routines work successfully, delivering the points (u, Z) = (1, 0), (0, 1), (1, 1), (6, 1).
Case II: d = −2: 
Taking norms, −2V 2 = (−2) j (−3) k , so that (j, k) = (1, 0), with
